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Lifshitz Black Hole in Three Dimensions 
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We show that three-dimensional massive gravity admits Lifshitz metrics with generic values of 
the dynamical exponent z as exact solutions. At the point z = 3, exact black hole solutions which 
are asymptotically Lifshitz arise. These spacetimes are three-dimensional analogues of those that 
were recently proposed as gravity duals for anisotropic scale invariant fixed points. 



The enormous success of gauge-gravity duality fl| has 
triggered the interest in generalizing the holographic 
techniques to other areas of physics. Recently, the at- 
tempts to generalize AdS/CFT correspondence to non- 
relativistic condensed matter physics have received con- 
siderable attention. Besides being an active line of re- 
search, this has given raise to very interesting new ideas; 
see Ref. Q and references therein for a review. 

Recently, candidates to be gravity duals for non- 
relativistic scale invariant theories, both exhibiting 
Galilean invariance or not, have been proposed. In 
Refs. 0, 13, spacetimes whose isometry group is the 
so-called Schrodinger group were proposed to be grav- 
ity duals for Galilean and scale invariant systems. In 
Ref. 0, the scale invariant fixed points that do not ex- 
hibit Galilean symmetry were also analyzed, and the met- 
ric of the corresponding gravity duals were introduced 
(see Eq. © below). These metrics manifestly exhibit 
the anisotropic scale invariance 
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which is characterized by the dynamical critical exponent 
z. The value z = 1 corresponds to the standard scaling 
behavior of conformal invariant systems. 

The typical example of a model with such a scaling 
symmetry is the Lifshitz model with z — 2; this is the 
reason why the metrics of the proposed gravity duals are 
usually referred to as Lifshitz spacetimes. This type of 
Lifshitz fixed point appears in systems of strongly cor- 
related electrons and other interesting problems in con- 
densed matter physics. In turn, having a holographic 
description for these phenomena would be of great im- 
portance to describe condensed matter systems in the 
strongly coupled regime. 

The basic idea is to look for spacetime geometries 
that incarnate the dynamical scaling symmetry ^ . The 
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spacetimes that were identified as_;gossible gravity duals 
for these Lifshitz fixed points are 



ds^ = --^dt'^ + -^dr^ + -rdx^. 
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where a; is a d-dimensional vector. It is simple to see 
that these spacetimes are invariant under the rescaling 
{t,x,r) i~> {X^t, Xx, X^^r). It was also shown in Q that 
metrics ([2]) with d — 2 arise as solutions of General Rel- 
ativity with a negative cosmological constant and p-form 
gauge fields as sources. 

The proposal for the holographic prescription in Q 
follows the standard AdS/CFT recipe. In the {d + 2)- 
dimensional bulk defined by the spacetime one con- 
siders a massive scalar mode whose asymptotic behav- 
ior in the near boundary limit takes the form ip{r) ~ 

(y9g -|-(/9g^V~^+ . Thls ylcMs thc rclatiou bctwcen 

the mass of the scalar mode m in the bulk and the confor- 
mal dimension A^^'' of the associated operator Oj^iz) in 
the boundary theory, given by A^^"* (Ajf ■* — z — d) = ra^P. 
As consequence, the Breitenlohner-Freedman type bound 
m^P > —{z + d)^/4 arises. Then, one considers the 

branch A^-*, whose fall-off does not spoil the asymptotic 
behavior of the metric at infinity. Finally, one is ready to 
match bulk and boundary observables computing corre- 
lators of physical operators. In Q , the case of a two-point 
correlation function (0_^(2) (a;)0^(2) (?/)) was analyzed. 

Of great importance is to introduce finite temperature 
effects in the story. With this motivation, black hole 
solutions in Lifshitz spaces ^ were also investigated 
in the literature. However, in spite of the apparently 
simple form of the spacetimes (HJ, the problem of find- 
ing analytic exact black hole solutions which asymptote 
these metrics turned out to be a highly non-trivial prob- 
lem. In Ref. 0, a particular solution was found, which 
corresponds to a four-dimensional topological black hole 
which is asymptotically Lifshitz with dynamical expo- 
nent z — 2. In Refs. |7|, i^], numerical solutions were 
also explored. Lifshitz black holes were also studied in 
Refs. p. \lvi 1 1 1 . and while this letter was being finished 
the paper |12l | just appeared, where a similar analytical 
solution was found for z — 2 with d — 2. The prob- 
lem of embedding these black holes in string theory was 
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addressed in Ref. [l^, where a remarkable solution with 
z = 3/2 was found. Moreover, from the analysis per- 
formed in Ref. [l^, it becomes evident how difficult is 
generalizing the solution to other values of z. In particu- 
lar, some no-go theorems for the string theory embedding 
have been discussed in Ref. [13] ■ 

The main result of this letter is to show the existence of 
black hole solutions of three-dimensional massive gravity 
that are asymptotically Lifshitz with z — 3. In addition, 
we will also establish that the vacua of three-dimensional 
massive gravity includes metrics ([2]) for generic values of 
dynamical critical exponent z. 

The theory we will consider is the so-called New Mas- 
sive Gravity (NMG) [l^, which has attracted much at- 
tention recently due to its very appealing properties. 
NMG is defined by supplementing Einstcin-Hilbert ac- 
tion with the particular square-curvature terms which 
gives raise to field equations with a second order trace. 
At the linearized level, it is equivalent to the Fierz-Pauli 
action for a massive spin-2 particle in three dimensions, 
which turns out to be a unitary model. The space of 
solutions of the theory was studied recently, and it be- 
came clear that it includes geometries of great interest, 
like black holes, warped-AdSs spaces, and AdS-waves. 

The action of the NMG is \m 
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The associated field equations read 
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becomes AdSa as it can be seen also from the scaling 
property ([1]) which corresponds to that of the conformal 
group. 

At y = —1/2, the theory also exhibits special proper- 
ties. It was shown in [l^ that at this point the scalar 
modes of gravitational waves in AdSa space precisely 
saturates the Breitenlonher-Freedman bound (BP); this 
fact is closely related to the emergence of solutions with 
a relaxed fall-off, which are typically given by logarith- 
mic asymptotic branches in convenient system of coordi- 
nates. Also for y = —1/2, the theory admits interesting 
black hole solutions |2Ci l2l| that generalize the static 
BTZ black hole [H These (former) black holes also 
present a weakened version of Brown-Henneaux AdSa 
boundary conditions [2^ . As we will show below, the dy- 
namical exponent of our Lifshitz vacua when y = —1/2 
corresponds to z = 3, and this is precisely the point 
where we will also find exact analytic black hole solu- 
tions with Lifshitz asymptotic. Por completeness, let us 
mention that NMG admits solutions with full or partial 
Schrodingcr isometry [iGj. These solutions correspond 
to three-dimensional analogues of the spacetimes consid- 
ered in [3|, y as gravity duals for cold atoms. The full 
Schrodinger group arises at the point y = 17/2. 

In this letter, we are concerned with spacetimes with 
no Galilean symmetry. We first analyze solutions that 
are of the Lifshitz-type [5|. It is possible to verify that 
the equations of motion ([5]) admit solutions of the form 
^ for a generic dynamical exponent z. In fact, it pa- 
rameterizes the mass and the cosmological constant as 



j/ = -i(z2-3z+l), w = -^{z^ + z- 
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where 
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Here, we will consider G = 1/8. It is also convenient to 
define the dimensionless parameters 

rn^P — y, Xl^ — w. 

This gravity theory exhibits special properties at the 
points 



In other words, Lifshitz vacua exist for generic z pro- 
vided an appropriate tuning of the coupling constants. 
This implies that Lifshitz solutions with z 1 are only 
possible if the coupling constants satisfy the conditions 
XP < —3/8 and m'^P < 5/8. On the other hand, we also 
have the AdSa vacua z = 1, and its identifications, for 
a different relation between the coupling constants w = 
— [1 + l/(4y)]. Curvature invariants R and asso- 
ciated to solution ([2]) do depend on z; these are constant 
and yield the relation g'^'^Kf,^ = Rf.uR'"' - = Sm^A. 

Let us turn to the problem of finding black hole solu- 
tions of NMG that are asymptotically Lifshitz. In order 
to accomplish this goal, we consider the following ansatz 



2/ = ±1/2. 



(6) 



In particular, at y = +1/2, the central charge associ- 
ated to the Virasoro algebra that generates the group 
of asymptotic AdSa symmetries vanishes. At this point, 
solutions with interesting properties have been exhibited 
in [H, [l3| where the asymptotically AdSa solutions were 
shown to present a relaxed fall-off at infinity [H, [l^ . We 
will see below that = +1/2 is precisely the point where 
the dynamical exponent z of the solutions we find takes 
the value z = 1. In this case, the Lifshitz spacetime 
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where F{r) and H(r) are functions of the radial co- 
ordinate. We will demand these functions to obey 
Yan^^^ F{r) = limr^oo ^^^^(^) = 1 and to present a 
single-zero at a given radius r = r+ where the horizon 
would be located, namely i^(r+) = 7?~^(r+) = 0. 

Intriguingly, for z = 3, which corresponds to the par- 
ticular point y = —1/2, w = —13/2, the field equations 
with the appropriate asymptotic conditions turn out to 
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be solved by 



F{r) = H-'^ir) = 1 



/r;2 
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where M is an integration constant. Then, the static 
asymptoticahy Lifshitz black hole for z = 3 is given by 
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^ (9) 



where we have renamed (j) = x/l and the identification 
(j) = (j)+2TT have been considered. The metric ([9]) presents 
a curvature singularity at r = and a single event horizon 
located at 



(10) 



r+ = IVM. 



It is interesting to note that the z — 3 Lifshitz scale 
symmetry, t i— > X^t, x i—^ Ax, r i— > A~^r, is preserved 
provided the parameter is allowed to rescale as M i— > 
A-2M. 

Solution ^ presents curvature singularity at r = 0. 
In fact, the curvature invariants diverge at the origin; 
namely 
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The Hawking temperature associated to the black hole 
solution ^ can be easily computed by requiring regular- 
ity on the tip of the Euclidean geometry after periodic 
identification. This yields the result 



Th = 
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which is consistent with the behavior Th ''^ found in 
other examples. A complete analysis of the thermody- 
namical properties would require a better understanding 
of the computation of conserved charges for these back- 
grounds in NMG and, in particular, of the counterterms 
involved. This will be discussed elsewhere [1^. 

It turns out that the radial configuration for a massive 
scalar field (p{r) in the black hole background (O can 
be explicitly found in terms of hypergeometric functions. 
Namely, 



(^[)+^ F [~k,l- k;l- 2k; 
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where k — ~\^/ m?P + 4 and m is the mass of the scalar 
field. Notice that this exhibits the expected behavior at 

large distances, which reproduces the falling of > 



discussed above, as A 



(3) 



2 ± 2k. It is also worth notic- 



ing that the solution exhibits a logarithmic dependence 
at fc = 0, namely = —4, where a BF-type bound is 



saturated. This is a common feature in similar solutions 
on AdS space. 

The solution for the field configuration Lp{t, r, (p) — 
<I>(r)e*''''^~"^*, that also depends on t and (/), can be also 
explicitly found. In this case, the radial dependence <I>(r) 
can be expressed in terms of HeunC special functions, 
which are solutions to the Heun's Confluent differential 
equation. 

Coefficients Lp^^"^ in the expression above are ultimately 
determined by imposing boundary conditions at the hori- 
zon; see the analysis of [l^l- Actually, analyzing the 
similarities with the case z = 2, d = 2 of [ij] results 
interesting. As in [l^l, the scalar field equation in the 
background ([9]) admits an exact expression in terms of 
hypergeometric functions. The resemblance with the case 
z = 2, d = 2 would make possible to adapt the analysis of 
[l3| to our example and arrive to similar conclusions, like 
the exclusion of ultralocal form for the dual correlators. 

Of course, a black hole solution for the case z = 1 is 
already known; it corresponds to the static BTZ black 
hole m 
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In some sense, the solution ^ can be thought of as a 
cousin of the three-dimensional static BTZ black hole, 
which arises for a different value of the dynamical expo- 
nent z. Within the parametrization ([7]) the two black 
hole solutions z = 1 and z = 3 appear at the two special 
points (O discussed above. 

It is worth noticing that the black hole solution © is 
conformally equivalent to a black string solution of the 
form 
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and where the coordinate 



with /(r) = 'ji 

X = 14) is again uncompactified by taking the universal 
covering of 0. It can be seen that, by boosting this black 
string solution along the x direction, one can construct 
a rotating version of the spacetime (O. This spinning 
version of the solution will be discussed somewhere else 

m. 

The fact of having found that the theory defined by 
action ([3]) admits Lifshitz solutions with generic values 
for the dynamical exponent z is highly non-trivial. To il- 
lustrate how difficult finding such a solutions in a higher- 
curvature theory can be, let us consider the case of five- 
dimensional Einstein-Gauss-Bonnet theory 
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which is a simpler example as it yields field equations of 
second order. It can be shown that, for generic values of 
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the coupling constant ^, this theory only admits solutions 
of the Lifshitz type for z = 1; that is, the only solution 
corresponds to locally AdSs.^ The only point where cu- 
rious features arise is for f = 1/4, where the theory suf- 
fers enhancement of symmetry. Indeed, for ^ — 1/4, the 
action (I14p can be written as a five-dimensional Chern- 
Simons action, and thus it enjoys local gauge invariance 
under 5*0(2,4) group. At this point, Lifshitz solutions 
are admitted for generic values of z due to the well- 
known degeneracies of the Chern-Simons theory [2^ ; see 
also [IJ for a consideration of the /S'0(l,4) invariant 
Chern-Simons theory 1/^ = 0. This degeneracy in the 
value of the dynamical exponent is closely related to the 
non-renormalization of z that happens at ^ = 1/4, which 
was implicitly observed in Nevertheless, even at this 
special point where degeneracy in z arises, asymptotically 
Lifshitz black holes do not seem to exist (for z 7^ 1). This 
makes the solution ^ of particular interest. 

Besides its uses as a remarkably simple model to ex- 
plore the d > 1 analogues, it could be interesting to in- 
vestigate whether a more direct application of this d = I 
Lifshitz solution to condensed matter physics exists. In 
particular, exploring the relation to the models discussed 
in [2§| would be interesting. 

Finally, one might also wonder whether a wider sec- 
tor of Lifshitz fixed points arises if one considers the 

^ G.G. is grateful to Mati'as Aiello for a discussion about this point. 



generalization of three-dimensional massive gravity that 
amounts to including the Cotton tensor in the gravity ac- 
tion [1^, [sOl- After all, one knows that, in certain cases, 
the inclusion of the Cotton tensor produces the enlarge- 
ment of the space of allowed configurations [l^. How- 
ever, one can verify that this is not the case of the Lifshitz 
solutions. Remarkably, the addition of the Cotton tensor 
in the action generically excludes the Lifshitz configura- 
tions, as the only cases that are allowed correspond to 
z = and z = I. 
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